In an exciting development, SmB6 , a Kondo insulator has been shown to exhibit bulk quantum oscillations. We propose that SmB6 is a bulk scalar Majorana Fermi Liquid (MFL) with a finite gap for charge and spin excitations. In their study of Kondo insulators in 1993, Coleman, Miranda and Tsvelik (CMT) envisaged such a remarkable possibility, using a mean field ansatz. We generalize CMT theory to non-zero magnetic fields and show a counter intuitive result that the scalar Majorana fermi liquid, while remaining electrically insulating, responds to external magnetic field and exhibits Landau diamagnetism and quantum oscillations. Physics of an emergent compactified 2-channel Kondo lattice physics that is behind formation of the novel scalar Majorana fermi liquid phase is discussed. It is also suggested that a known resistivity saturation in SmB6 as well as a new strong deviation of quantum oscillation amplitude from Lifshitz-Kosevich formula in SmB6 at low temperatures are due to a coherent fluctuation of charge of a neutral scalar Majorana fermion. Possible presence of 2-dimensional Majorana fermion excitations in surfaces of SmB6, and other Topological Kondo Insulators (TKI) is pointed out.
Correlated electron systems continue to surprise us and spring forth unexpected phenomena. In this context, conceptually and physically simple experiments often reveal hidden truths about nature. Historically, low temperature specific heat measurements revealed to us the quantum secret of lattice vibrations. Same specific heat revealed fermi seas embedded in simple metals. In the same way magneto torque measurements, as dHvA quantum oscillations [1] , revealed to us shapes of fermi surfaces in k-space. They have been invaluable in understanding heavy fermions, Kondo insulators [2, 3] , high Tc cuprates and so on.
A recent experimental observation [4] of quantum oscillations in SmB 6 , a Kondo insulator [5] , in magneto torque measurements has come as a surprise and challenge. Quantum oscillations are known to occur in metals that support charged quasi particles and fermi surfaces. SmB 6 is an insulator, albeit with a small charge gap. This oscillation is seen at low temperatures, where resistivity is high indicating an electrically insulating ground state. Meanfree paths of quasi particles that are causing quantum oscillations, as inferred from experiments, are anomalously large ∼ few microns.
As an explanation for the observed quantum oscillations, we propose that SmB 6 supports a neutral scalar bulk Majorana fermi liquid with a fermi surface, making use of an early theory of Coleman, Miranda and Tsvelik [6] . If proved correct this will be a first clean example of a bulk Majorana fermi sea in a condensed matter system.
A Majorana fermi sea [6, 9] has a zero energy (fermi) surface in k-space. However it has only particle like positive energy excitations, which are complex canonical fermions. Hole like excitations or antiparticles are simply absent. Such a one component free Majorana fermi sea can not be obtained by filling single particle states below a chemical potential. Currently popular Majorana zero energy mode [10] (in the context of topological quantum computation) is a scalar fermion; pair of such zero modes forms a complex canonical fermion.
Our proposal becomes interesting in the background of an intense search for localized Majorana zero modes at, vortex cores, chain ends, surfaces, heterostructures [11] . There has been search for Majorana Fermi sea [12] in Kitaev models and real systems (Kitaev-Khaliulin-Jackeli materials) [13] etc. Isolating Majorana fermions or inducing zero Majorana modes for manipulation for topological quantum computation should be feasible at surfaces of SmB 6 and suitably engineered heterostructures. Being a Topological Kondo Insulator [18] , SmB 6 is likely to have Majorana modes on its surfaces, edges and defects.
Qantum oscillations in a metal arises from magnetic field induced Landau quantization of one electron states. Kondo insulator, with a finite charge gap (>> ω c ), is not expected to behave like a normal fermi liquid, in magneto torque measurements. Fermi surfaces seen in SmB 6 strongly resemble those of isostructural and isovalent metallic counterparts LaB 6 and CeB 6 . Temperature dependence of oscillation amplitudes are anomalous however and does not follow the Lifshitz Kosevich fromula. We call SmB 6 as longitudinal insulator and transverse metal. Another important known experimental result [14] is presence of a small spin gap, in addition to charge gap. Optics in this material is also interesting and strongly temperature dependent [15] .
Using the above we make two straight forward inferences: i) presence of low energy zero spin quasi particles that are charge neutral and ii) presence of fermi surfaces, some what similar to spinful fermi liquid counterparts LaB 6 and CeB 6 . We envisage three possibilities. First one is that SmB 6 is a quantum spin liquid state that has a spinon pseudo fermi surface. Spin gap excludes this possibility. Second possibility is presence of a gapless spin singlet excitations with a pseudo fermi surface and a gap for spin-1 excitations; this is suspected to be present in certain frustrated spin half Heisenberg antiferromagnets.
A third possibility utilizes equivalence of a half filled band of spinful free fermions in a bipartite lattice with nearest neighbor hopping, to four Majorana fermion species [6] , a scalar and a 3-vector, with identical zero energy (fermi) surfaces. In this scenario Kondo spins effectively interact with vector Majorana fermions and opens gap at the fermi level, leaving the scalar Majorana fermi sea unaffected. That is, a spinless neutral Majorana fermi liquid (MFL) emerges from a parent fermi liquid, preserving the fermi surface features.
Rest of this article is about the remarkable possibility of survival of the scalar Majorana fermi sea of the conduction electron systems, inspite of interaction with Kondo spins. A seminal work [6] of Coleman, Miranda and Tsvelik (CMT), that came in the wake of odd-frequency pairing [16] , indeed suggested this possibility. Their work uses an odd frequency meanfield pairing ansatz. In the present article we achieve this, without an explicit discussion about odd frequency pairing.
It was noticed by Coleman, Ioffe and Tsvelik [17] that the odd pairing mean field theory of CMT has a close connection to a compactified 2-channel Kondo lattice problem. The two channels were identified to be the local spin and local (charge) pseudo spin degree of freedom of the single half filled conduction electron band. We offer a physical explanation for this emergent 2-channel Kondo physics in the present article.
What is not obvious in the work of CMT is the possibility of quantum oscillations arising from scalar neutral MFL. Infact, first reaction will be to say that such an electrically insulating liquid should not respond to uniform magnetic field . One of our central results is that the electrically insulating MFL indeed responds to uniform magnetic fields, in a way qualitatively similar to a charged fermi liquid, through changes in ground state energy. That is the scalar Majorana fermion liquid exhibits Landau diamagnetism.
SmB 6 has a simple cubic structure, formed by B 6 octahedra bonded between vertices. Sm atoms occupy the body center. Each (B 6 ) 2− octahedron accepts two electrons and Sm 2+ ion fluctuates between two configurations 4f 6 5d 0 and 4f 5 5d
1 . A minimal model [18, 19] including spin-orbit coupling isolates one Kramers doublet each from 4f and 5d shells. They hybridize with each other, at each site. Electrons in 4f doublets are strongly localized and do not form a band; its single or double occupancy corresponds to 4f 5 and 4f 6 configurations. The 5d doublet, on the other hand hybridize with nearest neighbors and forms a band, very similar to 5d bands in LaB 6 and CeB 6 .
Total spin is no more a good quantum number. However, strong quantum fluctuations of the Kramer spins results in a paramagnetic state. So as a starting point we consider the SU(2) spin invariant Kondo lattice model Hamiltonian.
Majorana fermion representation has been valuable in theories of two channel Kondo effect [20] , Luttinger liquids [21] , Kondo insulators, quantum spin liquids [22] and Kitaev models [23] . A spinful free fermi sea can be rewritten exactly [6] interms of one spinless scalar Majorana fermi sea and three spinful Majorana fermi sea. Consider a tight binding model of electrons, with a nearest neighbor hopping, in a bipartitle lattice at half filling. Transform operators in one of the two sublattices, c † iσ → ic † iσ to get:
(1) Using four Majorana fermions, a scalar c 0i and a vector c i ≡ (c ix , c iy , c iz ), we rewrite electron operators as:
From the anticommutation property of electron operators, the anticommutation properties of Majorana fermions follow: {c iα , c jβ } = 0 for i = j and α = β and c 2 iα = 1. In terms of the scalar and vector Majorana fermions kinetic energy takes an elegent SU(2) spin rotational invariant form form:
To diagonalize the above interms of positive energy physical (complex fermion) excitations, Majorana fermions c iα at site R i can be written interms of (canonical) complex fermions (a † kα , a kα ), α, = 0, x, y, z , defined in half of the Brilluouin zone; c iα =
. Using this relation we get the kinetic energy Hamiltonian of a half filled band of electrons:
This is an exact representation of free electrons interms of complex fermions with positive excitation energies ǫ k , energy dispersion in a cubic lattice. These 4 species of physical fermions are their own antiparticles and are defined in the outside of the reference fermi surface in kspace. Negative energy states are absent.
dǫ is the ground state energy of the half filled band of physical electrons. Here 2W is the band width and ρ(ǫ) is the one electron density of states. It is easy to see from their construction, or by performing a global U(1) transformation that the new complex fermions do not have sharp and definite charge. They are similar to neutral Bogoliubov quasi particles. Electric and magnetic fields couple to these excitations in a counter intuitive fashion, as we will see later.
We also note that the scalar Majorana fermion is constructed from down spin electrons: c i0 = c † i↓ +c i↓ . Choice of down spin is arbitrary and final result is independent of choice of spin direction. Further, Majorana fermion kinetic energy, when expressed in terms of electrons contains BCS type of pairing (anomalous) terms, such as c † i↓ c † j↓ . However, coefficient of this term t is fixed and there is no phase degree of freedom.
Majorana fermion decomposition of the standard spinful electron fermi sea at half filling is a way of organizing quantum fluctuations and excitations interms of new degrees of freedom. In particular, the scalar Majorana fermion, which will play important role for us, selects out fluctuating charge component of electrons, and separates it from spin fluctuation degree of freedom.
The SU(2) symmetric Kondo lattice Hamiltonian is :
where S i is the operator of the spin-half local moment. It can be written [6] interms of a vector Majorana fermion
In this representation there are no local constraints. However, there is a Z 2 gauge redundancy and dimension of the local moment Hilbert space gets enlarged by a factor 2 N 2 , where N is the number of sites.
Conduction electron spin operator at the i-th site is,
Interms of Majorana fermions it becomes a sum of two vectors:
Further, using the identity,
The above representation of Kondo lattice Hamiltonian is exact, except for the gauge redundancy. That is, many body spectrum of the original Kondo Hamiltonian is preserved. However there are 2 N 2 extra gauge copies of the Hilbert space.
Further, we have rewritten the Kondo lattice Hamilonian in a form different from CMT [6] . Our rewiring help us see emergence of a free scalar Majorana fermion in a straight forward Hartree type factorization, without a need to invoke odd frequency pairing ansatz explicitly.
In this paper we focuss on non magnetic solution with vanishing vector order parameters: c i0 c i = 0 and S i = η i × η i = 0. In this approximation the first term in equation 5 drops out. Second term becomes
. Here χ 0 ≡ c i · η i , Mean field Hamiltonian and its diagonalized form become:
Scalar Majorana fermions remain unaffected. The new vector (complex) fermion operators (ã † 
We find that there are non topological localized soliton excitations in which i) the condensate χ 0 (R i ) varies in space (for example vanishing at a given site) and selfconsistently liberates a Kondo spin from exchange coupling with conduction electrons and ii) c 0 ic i and or η i × η i get non zero expectation value (for example non zero at a given site) and traps zero energy vector Majorana modes. We will not go into this in this paper.
One of our main objectives is to show that scalar Majorana fermi liquid that survives Kondo interaction in SmB 6 responds to uniform magnetic field very much like a standard fermi liquid. In other words, our scalar neutral Majoran fermi liquid exhibits Landau diamagnetism.
Torque magnetometry dHvA experiments (and quantities such as specific heat etc.) measure how internal energy U(H) of an electron system changes with magnetic field. In particular magnetic moment M = − ∂U ∂H , where U is the internal energy. These and sound attenuation measurements are sensitive to variation of density of states of excitations at the fermi level. Shubnikov dHvA oscillations in resistivity is a different story.
In what follows we calculate internal energy of the fermi sea, first without Kondo interaction. This simple calculation is already revealing. Eventhough fermionic excitations of the four Majorana fermi seas (one scalar and three vector) are nominally neutral each one contributes equally to magnetic field dependence of internal energy, as if they are charged ! The sum of contributions from the 4 nominally neutral Majorana fermi seas addup to the value we obtain for the standard charged feermi sea of electrons with spin degree of freedom.
To see this we consider the kinetic energy term, in the presence of uniform magnetic field H = ∇ × A. We diagonalize the kinetic energy term interms of one particle Landau orbitals α and their eigen values ǫ α of the tight binding lattice: 
Energy of the half filled band of (up and down spin) fermi sea gets modified from 2 ǫ k ≤0 ǫ k to 2 ǫα≤0 ǫ α , in the presence of a finite uniform magnetic field. Magnetic field preserves the particle hole symmetry. We first rewrite the electron operators (equation 8) in terms of Majorana fermions (c 0α , c α ) expressed in the Landau orbital basis and then diagonalize the Hamiltonian to write it interms of positive energy complex scalar Fermions, (a † α , a α ) and vector fermions (a † α , a α ) (similar to equation 8) and obtain
Vacuum energy of individual Majorana fermi seas are all identical. Total vacuum energy is, E 0 (H) = 4 × 1 2 H) is the modified one electron density of states in the presence of an uniform magnetic field H and 2W is the bandwidth of one electron states.
As our fermi surfaces are non-spherical, vacuum energy E(H) changes as the strength and direction of the magnetic field is varied, leading to dHvA oscillations, through change in thermodynamic quantities. Our simple and new result is that all Majorana fermions including the vector and scalar ones, though apparently charge neutral, contribute equally to quantum oscillations (Landau Diamagnetism) in the non interacting case. Physically it follows from that fact our Majorana fermions are quantum coherent combinations of charge carrying electrons and holes.
Armed with this insight we study the interacting case in the presence of magnetic field. We present our mean field theory briefly. Since Kondo interaction is an on site interaction and hybridization gap Jχ 0 << ω c , for experiments in SmB 6 , we use same translationally invariant meanfield ansatz as before: c i0 c i = 0, η i × η i = 0 and c i · η i = χ 0 . We also ignore the small zeeman splitting term. The new mean field Hamiltonian is:
Here 1 4 E 0 (H) is the vacuum energy of the scalar Majorana fermi sea, which remains unaffected by Kondo interation. And (H, χ 0 ) is the interaction and magnetic field modified vacuum energy of the 3 vector Majorana fermions. As the mean field interaction term is a simple sum over sites, the same Landau basis diagonalizes the mean field Hamiltonian leading to the final form:
Energy spectrum of the interaction modified hybridized
We do not discuss the gap equation for the order parameter χ 0 in the present paper and compare mean field energies with other mean field solutions.
As the hybridization energy given by the scale Jχ 0 >> ω c , optimal value of χ 0 has a very weak dependence on the applied magnetic field. Consequently vacuum energy of the vector Majorana fermions have very weak dependence on the magnetic filed. However, the scalar fermions continue to contribute 1 4 of a free electron gas value at the same magnetic field. This is our explanation for the observed quantum oscillations in the bulk of SmB 6 . To explain some missing bands etc., in comparison to LaB 6 and SmB 6 , one needs to go into realistic models.
We first offer a physical explanation for the survival of scalar Majorana fermi sea in the presence of Kondo interaction. We call this an emergent 2-channel Kondo phenomenon in a one channel system [17] . When Kondo coupling is small, J << 2W (electron band width), fermi surface gets modified around a small energy shell in kspace of energy width ∼ J. Vector Majorana fermions and scalar ones in this shell are actively involved in interaction with Kondo spins. However interaction affects them in different fashion.
At any given site, free fermi gas at half filling has equal probability 
acts on the doubly occupied and empty states. Vector and scalar Majorana fermions organize fluctuations among these 4 configurations in a fashion that helps us to solve our problem.
Spinful, singly occupied neutral conduction electron states at a given site alone couples with local moment at that site. So we naively expect enhanced singlet correlations (quantum entanglement) between electron spins and Kondo spins in the many body ground state wave function; and absence of correlation (quantum entanglement) between pseudo spin and the Kondo spin. Such a wave function in configuration space will have, in general, sharp variations leading to increased electron kinetic energy and Kondo spin fluctuation energies. One way to reduce this sharp variations is to utilise the particle hole (spin-pseudo spin, SU(2)×SU (2)) symmetry in the problem and entangle Kondo spins and pseudo spins, as if a coupling between Kondo spin and pseudo spin also exists with the same strength J.
In other words, if we manage to generate a symmetric 2 channel effective interaction so that conduction electron spin and pseudo spin couples to Kondo spin with the same strenth, we may be able to construct a more smooth (better) manybody state and gain energy. This indeed happens in our problem, once we recognize that second term in the Kondo interaction in equation 6 (that also survives mean field factorization), rewritten interms of conduction electron variables is
It means that the many body wave function develops a quantum entanglement characteristic of symmetric 2 channel Kondo effect and gains energy. The pseudo spin acts like a ghost channel. In this approximation scalar Majorana fermion c 0i , at every site falls out of the picture. Further hopping of the scalar Majorana fermions c i0 's leads to a scalar Majorana fermi sea.
Our proposal of presence of a scalar Majorana fermi sea in SmB 6 at low temperatures has interesting consequences. In addition to the observed quantum oscillation what are possible signatures of the scalar Majorana fermi sea ? Are there some already available ?
An interesting low temperature saturation of bulk resistivity in SmB 6 seen in experiments has been suggested [24] to be an artefact of surface conduction phenomenon. Further in the quantum oscillation experiment [4] a strong deviation from Lifshitz Kosevich formula is seen in the temperature regime. We suggest that the deviation from Lifshitz Kosevich formula and resistivity saturation are related. More importantly we suggest an alternate possibility for resistivity saturation, which is intrinsic to the bulk. A scalar Majorana fermion, even though neutral in an average sense, has a built in coherent and soft charge fluctuation character. Consequently there seems to be an unitarity limit to scattering of physical electron by Kondo spins, leading to the observed resistivity saturation. Physically, an electron injected close to fermi level looses its spin at a short time scale (∼ J ). However it continues to have charge fluctuations at long time scales, in a quantum coherent fashion. Our preliminary theoretical analysis points to an interesting resistivity saturation [25] , arising the physics of coherent charge oscillations in scalar Majorana fermions.
Same coherent charge fluctuations in a scalar Majorana fermion is likely to leave its signature in, STM, NQR, ARPES, optics, XRay inelastic scattering and others measurements, which are sensitive to fluctuating charges. It will be interesting to provide some theoretical guidance to encourage new experiments. Many know fermi surface anomalies, such as Kohn anomaly in the phonon spectrum, possible nesting instabilities, thermal transport, collective modes etc. also needs to be looked into.
There has been earlier variational approaches to Anderson lattice and Kondo insulator problems, pioneered by Stevens and others [26] . They are non-trivial and physically motivated wave functions, inspired by VarmaYafet type of variational wave functions [27] for Anderson impurity model. Do they contain physics of Majorana fermi liquids ?
It has been suggested [18] that the spin orbit coupling and symmetries make SmB 6 a topological Kondo insulator (TKI). There are already interesting experimental manifestations of the TKI behaviour. Many new surface measurements such as STM tunneling [28] , surface state quantum oscillation [29] , ARPES [30] , transport etc. needs to be relooked at, from the point of view of our proposal.
Our preliminary study shows [25] that there are more exotic possibilities, including soft scalar and vector Majorana fermion excitations at the surfaces. A Fano (antisymmetry) line shape (anti resonance) has been observed [28] . This is likely to be connected to the underlying Majorana fermion character of low energy quasi particles.
In the present article we have focussed on how a scalar Majorana fermi liquid emerges and did not discuss possible p-wave odd frequency pairing aspect. This needs to be looked into, as there are interesting predictions by CMT [6] .
Our proposal calls for a relook at well known Kondo insulators, including SmS and FeSi. It is likely that some of the known Kondo insulators might support gapless Majorana fermi liquids. Nature of doped Kondo insulator or doped Majorana Fermi liquid is an intereseting quation. It will be interesting to see if scalar and Majorana fermi liquid excitations continue to survive after doping.
A light mass metallic surface band in SmB 6 is seen in the experiments [29, 30] . There is a discrepancy between theory and experiments [31] . Theory shows a heavy mass. We believe that there is a deep connection of the observed surface band to the bulk scalar Majorana fermi sea we have proposed. Lines shaps in STM performed on SmB 6 has Fano line shape.
To conclude, we have proposed that the observed quantum oscillations in SmB 6 arise from a scalar Majorana fermi liquid. It is a novel quantum state that was indeed suggested in an earlier mean field theory of Kondo insulator by CMT [6] . We have reformulated the mean field theory in a simple fashion to make the appearance of a scalar Majorana fermi sea natural, without explicitly involving odd frequency pairing. Most importantly we show that the scalar Majorana fermi sea, even though apparently charge neutral, couples to external magnetic field exactly in the same fashion that a charged fermi liquid does. We have discussed the physics behind an emergent compactified 2-channel Kondo interaction that underlies physics of a scalar Majorana fermi sea formation and gap for spin-1 and charged excitations.
If our explanation of the observed quantum oscillations in insulating SmB 6 is proved correct by further experiments and theory, it is likely to bring in new physics to the exciting field of Kondo insulators and heavy fermion physics and strongly correlated electron systems.
